We use computational method to investigate the number of ways to pack dimers on odd-by-odd lattices. In this case, there is always a single vacancy in the lattices. We show that the dimer configuration numbers on (2k + 1) × (2k + 1) odd square lattices have some remarkable numbertheoretical properties in parallel to those of close-packed dimers on 2k × 2k even square lattices, for which exact solution exists. Furthermore, we demonstrate that there is an unambiguous logarithm term in the finite size correction of free energy of odd-by-odd lattice strips with any width n ≥ 1.
I. INTRODUCTION
The dimer model has been investigated for many years to represent adsorption of diatomic molecules on a surface. In the model the surface is represented as regular plane lattice and the diatomic molecules as rigid dimers, which fit into the lattice so that each dimer occupies two adjacent lattice sites and no lattice site is covered by more than one dimer. The model is closely related to another well-studied lattice model, the Ising model. A central problem of the model is to enumerate the dimer configurations on the lattice. Exact solution exists only for the special case when the lattice of size m × n is completely covered by dimers if at least one of m and n is even (the close-packed dimer problem) [1, 2] . The general monomer-dimer problem where there are vacancies in the lattice, like the general Ising model in an external field, however, remains unsolved and is usually considered computationally intractable [3] .
One exception is a recent analytic solution to the special case where there is a single vacancy at certain specific sites on the boundary of the lattice [4] .
In this report we use computational method to investigate the number of ways to pack dimers on odd-by-odd lattices. In this case, there is always a single vacancy in the lattices.
The computation method is outlined in Section II. In Section III we show that the leading coefficients of the partition functions (a N ) on odd (2k + 1) × (2k + 1) square lattices have some surprising number-theoretical properties, in parallel to those found in even 2k × 2k square lattices [5] . We also show that the average free energy of odd lattices of finite sizes differs dramatically from that of even lattices. Unlike that of even lattices, the average free energy of odd lattices approaches the thermodynamic limit non-monotonically, descending first for small lattices to reach a minimum before ascending as the size of lattice increases. In contrast, the free energy of even lattices approaches the thermodynamic limit monotonically.
The behavior of the free energy of finite size odd lattices also differs from that of lattices where there is a single vacancy restricted at certain specific sites on the boundary of the lattices [4] . In this latter case, the free energy behaves in much the same way as that of close-packed even lattices without vacancy.
To investigate further the origin of the different behaviors of free energy in odd and even lattice, in Section IV we calculate the free energy on strip lattices of size m × n, where both m and n are odd. The data show unambiguously that there is a logarithm term in the free energy of odd lattices, which is absent in the free energy when m or n is even. We demonstrate that it is this logarithm term in the finite size correction of the free energy in odd lattices that leads to the non-monotonicity and minimum in the free energy of the odd square lattices. In Section V we discuss our findings in a broader prospective, and explore their potential relation with the theory of computational complexity.
II. COMPUTATIONAL METHOD
Here we use computational method to enumerate the dimers on plane lattices. The computational method we use is similar to the one introduced previously where symmetry of the dimer configurations is used to obtain a recurrence of the partition functions and to reduce the complexity of the problem [6] . The computational method is outlined below.
For a lattice of size m × n, the property we are interested in is the configurational grand canonical partition function
Nz where x, y, and z are the activities of the x-dimers, y-dimers, and monomers, respectively, and g m,n (N x , N y , N z ) is the number of ways to place N x dimers in the x (horizontal) direction, N y dimers in the y (vertical) direction, and N z monomers on the sites that are not occupied by dimers. Without losing generality, we can let z = 1, so that the partition function can be written as
Since there is no interaction between dimers except for the constraint that no site can be occupied by more than one dimer, the partition function of a strip lattice with width of n is totally determine by the configurations of dimers on two adjacent rows of the lattice, each row itself being a one-dimensional linear lattice of size n [6] . A square matrix M n is set up based on these two rows (see below). The vector Ω m , which consists of partition function of Eq. 1 as well as other contracted partition functions [6] on a m × n strip, is calculated by the following recurrence
To construct the matrix M n , we notice that each lattice site can have four dimer configurational states, as shown in Figure 1 for the center site: (a) State 0: the monomer state, where the site is empty; (b) State 1: the site is occupied by the first half of a vertical dimer; (c) State 2: the site is occupied by the second half of a vertical dimer; (d) State 3: the site is occupied by a horizontal dimer. Since the lattice strip is growing vertically (n is fixed and m is changing), for horizontal dimers we do not need to distinguish first half or second half.
For each lattice site (i, j), we denote s(i, j) as its state.
The total number of dimer configurations t(n) in a one-dimensional lattice with length n is for the purpose of building up the matrix M n to calculate the partition functions recursively in the vertical direction, the occupancy of a horizontal dimer on site (i, j) has the same effect as having an empty site on site (i, j). So does the occupancy of the first half of a dimer on site (i, j). By grouping these states together, and taking symmetry into account, the total number of unique configurational states is given by formula u(n) = 2
The detailed algorithm to construct matrix M n is given below. For example, the combination {s(i, j) = 0 and s(i, j + 1) = 1} belongs to the first category, while {s(i, j) = 2 and s(i, j + 1) = 2} belongs to the second category.
Suppose the configuration being checked for compatibility with c p (α) is from group q, and is labeled as c q (β). The check of compatibility is carried out for all the lattice sites along the horizontal direction for the configuration, that is, for i = 1, . . . , n. Only when all sites of c q (β) are compatible with sites of c p (α) does the configuration c q (β) make contributions to the matrix element M n (p, q). As an example, the matrix for n = 3 is given below. 
The following example gives the various sizes of t(n), v(n), and u(n). For n = 19, the numbers of total, total valid, and total unique configurations are t(19) = 274877906944, v(19) = 6616217487, and u(19) = 262656. Since the size of matrix M n is determined by 
III. NUMBER-THEORETICAL PROPERTIES AND FREE ENERGY OF PACK-ING DIMERS ON ODD-BY-ODD SQUARE LATTICES
Once the matrix M n is set up, the partition functions can be obtained recursively from Eq. 2. Although the full partition function of Eq. 1 can be obtained from the method, here we are especially interested in a N [12] , the coefficient of the leading term in the partition function Eq. 1 when x = y, where N = ⌊mn/2⌋:
When n = 2k, the square lattice n × n can be fully covered by N = n 2 /2 dimers, and we can take advantage of the available exact results for this cases [1, 2] . We refer this kind of lattices as even lattices in the following. When n = 2k + 1, the square lattice can at most accommodate N = (n 2 − 1)/2 dimers. In this case there is always a single vacancy in the lattice. We refer the lattices as odd lattices. The free energy per lattice site ln a N /(mn) (divided by −k B T ) for the odd and even square lattices as a function of n, the size of the lattice, is shown in Figure 2 . The exact result for the even lattices [1, 2] shows that in the thermodynamic limit,
where G is the Catalan number. For the fully-packed lattices, the difference between the even and odd lattices is the existence of a single vacancy site in the odd lattices. The effects of this single vacancy site are evident for small lattices, but as the size of the lattice increases, the effects become smaller. The parity of even and odd lattices will manifest its greatest effects in terms of ln a N /n 2 when n is small. This is shown in Figure 2 . As can be seen from the figure, in the beginning for small lattices, the free energy of even and odd lattices approaches the thermodynamic limit from different directions, with that of even lattices smaller than the asymptotic value, and that of odd lattices greater than the asymptotic value. However, it is interesting to note that the free energy of odd lattices soon reaches and passes over the thermodynamic limit value at about n = 11. Since ln a N /n 2 is a well-defined thermodynamic property, it should approach the same value in the thermodynamic limit as n approaches infinity for both even and odd lattices. Accordingly it is expected that the free energy of the odd lattices will reach a minimum, after which it would approach the thermodynamic limit monotonically above the values of the even lattices. The same conclusion can also be obtained from the existence theory of the dimer system, which asserts that the limit of ln a N /n 2 exists as n approaches infinity [7] . The behavior of the free energy of odd lattices is to contrast with that of the even lattices, which approaches the thermodynamic limit monotonically from the very beginning. The current calculation shows that the minimum of the odd lattices will be reached when n ≥ 19. We will discuss the origin of the minimum in the free energy of odd lattices after we discuss the logarithm correction term found in the finite size correction in Section IV.
Also shown in Figure 2 is the free energy of lattices where there is a single vacancy restricted at certain specific sites on the boundary of the lattices [4] . The free energy for these lattices approaches the thermodynamic limit monotonically, in the same way and the same direction as that of even lattices, and behaves quite differently from that of odd lattices.
The data show that removing the restriction of the location of the vacancy on the lattice boundary leads to significant changes in the nature of the problem.
The values of a N up to n = 19 are listed in the second column of Table I . One of the advantages of using exact integer calculations instead of approximation calculations is that are calculated from the exact results [1, 2] . In the inset more data are shown for the even lattices to make it clearer the trend for ln a N /n 2 to approach the thermodynamic limit. Also shown in solid diamond are the values from lattices where there is a single vacancy restricted at certain specific sites on the boundary of the lattices [4] .
the number-theoretical nature of the coefficients of the partition functions can be studied in more details. For the even lattices 2k × 2k, it is first conjectured and later proved [5] by using the explicit formulas [1, 2] 
k , where c k and b k are integers, and b k has the following property:
)
(mod 2 4 ) if k is odd. From these results it is easy to show that for even lattices:
So for the 2k × 2k lattices, the sequence of a N /2 k (mod 2 4 ) is, starting with k = 1: 1, −7, −7, −7, −7, 1, 1, 1, 1, −7, . . . .
From Table I we can see that parallel but distinct properties also hold for the odd lattices.
We have the following conjectures for odd lattice with size (2k + 1) × (2k + 1):
Conjecture 1 For odd lattice (2k + 1) × (2k + 1), a N can be factored as
where c k is an odd integer. Furthermore, when k > 1, c k is squarefree: its prime decomposition contains no repeated factors.
Conjecture 2 For odd lattice (2k + 1) × (2k + 1), we have
The sequence of a N /2 k (mod 2 4 ) is, starting from k = 1: −7, 1, −7, 1, −7, 1, . . . .
Since very large numbers and big matrices are involved in the calculations, it is important to check the correctness of the results. The correctness of the data can be confirmed in several ways. Firstly, the method mentioned in Section II applies to strip lattices with width n no matter whether n is even or odd. For even n, the exact results [1, 2] can be used to check the correctness of the results. Secondly, for a lattice strip of size m × n with a given width of n when n is odd, the recurrence of Eq. 
IV. FINITE SIZE CORRECTION
The data shown in Figure 2 clearly indicate that the finite size correction of free energy of odd lattices differs significantly from that of even lattices. Finite size correction is investigated in [8, 9] for the close-packed dimer model on m × n lattices with at least one of m or n being even, and in [4] for lattices where there is a single vacancy restricted at certain specific sites on the boundary of the lattices. In these models, exact solutions are known and finite size corrections can be obtained from expansions of the exact expressions.
To investigate the finite size correction of free energy of dimers in odd-by-odd lattices where there is always a vacancy, we calculate the partition functions for long strip lattices m × n using Eq. 2 for n = 1, . . . , 19, and fit a N with the following function
The reason to choose ln(m + 1) instead of ln(m) in Eq. 3 is that for n = 1, we have the following exact results:
The fitting results are equally unambiguous if ln(m) were used (data not shown).
In the following discussions, we use n as the fixed width of the strip lattice, and m as the Table II for odd values of m and Table III for even values of m. In these fittings, only m ≥ m 0 = 100 are used in the fitting. The effect of m 0 on the fitting is discussed later. The curves of fitting for two values of n, n = 3 and n = 15, are shown in Figure 3 and Figure 4 , respectively.
Several features can be observed directly from these results of fitting the data to Eq.
3. Firstly, for odd values of m, the coefficient h of (mn) −1 ln(m + 1) is equal to 1, for all values of n (Table II) . This logarithm term is clearly absent when m is even (Table III) . It is noted that there is also a logarithm term in the finite size correction of lattices where the single vacancy is restricted at specific sites on the boundary of the lattices [4] . However, the logarithm correction there is quite different from the logarithm correction discovered here. Not only the sign and magnitude are different (−1/2 in [4] ), more importantly, the logarithm correction in [4] only becomes significant when both m and n become large. On the contrary, the logarithm correction term for odd-by-odd lattices appears in all lattices, even when n = 1 as shown in Eq. 4.
Secondly, the linear term a 0 agrees exactly between odd m values and even m values, and 
This agreement is expected, as m goes into infinity, the property of odd and even lattices Even for those data points that are not used in the fitting, the match between fitted curves and the original data is good. From these figures it can also be seen that the free energy converges slower when m is odd than when m is even.
The effects of m 0 on the fitting results are shown in Table VI From these fitting experiments it is clear that there is an additional logarithm term for the free energy of odd-by-odd lattices. In this case, the asymptotic expression of ln a N is Only data with m ≥ m 0 = 101 are used in the fitting. 
where f b and f s are the "bulk" and "surface" terms, respectively [8] :
and
With this asymptotic expression, we revisit the free energy ln a N /n 2 of odd square lattices with size n × n shown in Figure 2 and investigate the origin of the non-monotonicity and minimum found in ln a N /n 2 for odd lattices. For even square lattices, the exact results of close-packed lattices give the asymptotic expression of even square lattices as [9] ln a N
which increases monotonically with n when n ≥ 1. In contrast, the logarithm term in odd lattices introduces a minimum into the function.
For odd square lattices, if we fit the data of ln a N /n 2 to the following equation,
we obtain b 2 = −2.06412 and b 3 = 2.39028. The fitting uses data in the range of 9 ≤ n ≤ 19.
The fitted curve together with the original data is shown in Figure 5 . If we fit the data with the coefficient of ln(n + 1)/n 2 as a free parameter, we would get 1.74647 as the coefficient.
The derivation from the expected value of 2 is attributed to the fact that the values of n used If we fit the same Eq. 7 to ln(n + 1)/n 2 of even lattices with the coefficient of ln(n + 1)/n 2 as a free parameter (using data in the range of 100 ≤ n ≤ 1000), we obtain ln a N /n 2 ≈ 0.291560904 − 0.298251779n −1 + 0.103144n −2 + 0.00668442n −3 + 0.00003 ln(n + 1)/n 2 . This result again shows the absence of the logarithm term for the even lattices, as shown before in Table III and Table V . The coefficient of n −2 agrees well with the exact result. The different behaviors of free energy in odd and even square lattices are dominantly determined by the presence of the logarithm term in odd square lattices.
V. DISCUSSION
We report here the exact values of a N , the coefficients of the leading term in the partition functions of dimers on odd-by-odd lattices through extensive computations using an extended method originally developed in Ref. [6] . At first we investigate a N on (2k + 1) × (2k + 1) odd square lattices, and from these exact values, we investigate the different behaviors of the average free energy of the odd lattices compared with that of the even lattices. Although no exact solution exists for the odd lattices, the values of a N show some remarkable features (Table I ). Based on their number-theoretical properties, we put forth several conjectures about a N .
The average free energy of the odd lattices approaches the thermodynamic limit in a way that is quite different from that of the even lattices, as well as that of the lattices where a single vacancy is restricted at certain specific sites on the lattice boundary ( Figure 2 ).
Comparison with this latter case shows that the removal of the restriction on the location of the vacancy changes the nature of the problem: while in both cases there is a single vacancy in the whole lattice, the restriction of the vacancy on the lattice boundary significantly reduces the dimer configuration numbers. In fact, when the vacancy is restricted on the lattice boundary, a N on a lattice of size (2k + 1) × (2k + 1) is asymptotically a √ 2k + 1 multiplicative factor smaller than a N in an even-by-even lattice of size (2k + 2) × 2k [4] .
On the contrary, the a N on the odd lattices discussed in this report is bigger than that of even-by-even lattices. For example, the value a N of an odd-by-odd 19 × 19 lattice reported in Table I is 68 times bigger than the value of a N for an even-by-even 18 × 20 lattice, which is a N = 14766712169803333833186604776310955189771941.
In Section IV we investigate a N on odd-by-odd strip lattices of size m × n, where n is the fixed width of the lattice. We find unambiguously that there is a logarithm term in the finite size correction of the free energy ln a N /mn. This term is clearly absent in the free energy of even-by-even lattices. We also demonstrate that it is this logarithm correction term that creates the distinct pattern of free energy in odd lattices. From these results we show that in the asymptotic expression of the free energy per site for odd-by-odd lattices, in addition to the usual "bulk" and "surface" terms of close-packed lattices [8, 9] , we have an additional term ln(m + 1)(n + 1) as shown in Eq. 6. It is also noted that this logarithm finite size correction term is present for strip lattices of any width n ≥ 1. This is in contrast to the logarithm term in lattices where the vacancy is restricted to the lattice boundary, where the term only becomes significant when both m and n are large [4] .
Since the exact solution to the close-packed dimer model was discovered in 1961, little progress has been made for the general two-dimensional monomer-dimer problem. The problem is usually considered to be computationally intractable [3] . More precisely, in the language of computational complexity, it has been shown to be in the "#P-complete"
class. #P-complete class plays the same role for counting problems (such as counting dimer configurations in two-dimensional lattices, as discussed in this report) as the more familiar 
